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ABSTRACT

Varietal trials and factorial experiments are twoaim types of experiments which required statistidabigns. The
required designs for these two types of experimargdifferent and hence are obtained using difiemaethodologies.
Various incomplete block designs can be obtaindédguthese two techniques. In this investigationhaee proposed the
methods for constructing the singular and semi faggroup divisible designs through the recodingvafietal and level

codes. Further one method is also developed focdmstruction of semi regular group divisible desigising Kronecker

product of balanced incomplete block designs. Tathaus are supported with the construction of sléaxamples.
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1. INTRODUCTION

Bose and Nair (1939) introduced Partially Balanbembmplete Block Design (PBIBD) which is availatite all number
of treatments even having a small number of refitina. Bose and Shimamoto (1952) classified theBEBWith two

associated class into five categories:
» Group Divisible design
» Simple Partially Balanced Incomplete Block Design
e Triangular type Partially Balanced Incomplete Bladsign
e Latin Square type Partially Balanced IncompletecRIBesign and
e Cyclic Partially Balanced Incomplete Block Design.

A Group Divisible Design is defined as a designvirich the v treatment are divided into m — grouasheof n —
distinct treatments such that any two treatmentsnigéng to the same group are called first assesiand any two
treatments belonging to the different groups ac®isé associates. Bose and Conner (1952) clasg#@dlesigns into

three sub types depending upon the characteristitof NN’ Matrix as following

(a) Singular, if, r ; = 0, (b) Semi — Regular, if r k A= 0, and (c) Regular, if r k —=As> 0.

wWww.iaset.us editor@aset.us



22 D. K. Ghosh & Narendra C. Singjia

Several authors like John and Turner (1977), JA9Tq), Kageyama(1985), Jagdish Prasad et al. (2adrigd
out the construction of group divisible designs.o&th and Das (1989) discussed the construction ofviay group
divisible designs. Further Ghosh and Bhimani(1968jried out different method of construction of gpodivisible
designs. Later Ghosh and Das (1993) carried outdhstruction of group divisible designs with parthalance for group
comparisons. Recently Sharma et al. (2016) disdussecharacterization of group divisible desigresty recently Ghosh
and Sinojia (2020) developed the construction ougrdivisible designs using Hadamard matrix. Ii$ thivestigation we
have developed the construction of group divisitdsigns by replacing levels of factorial designthwiarietal codes of
incomplete block designs. In Varietal trials andt@aial experiments natural numbers are mostly dsedoding for both
varietal numbers and level of each factor. Dad.gf1895) provides an alternative method of cortdiom of incomplete
block designs for factorial experiments where theel codes of the factor are modified. Here we hanalified the

concept of Das (1995) to construct singular and segular group divisible designs.
2. METHOD OF CONSTRUCTION

Semi regular group divisible designs are constoiteough kronecker product of BIB designs andsir@wn in section
2.1.Semi regular group divisible designs are coisdd through levels coded of factorials and awenshin section 2.2,
and 3. However singular group divisible designscanestructed through level codes of factorial aredslown in section
4,

2.1 Semi Regular Group Divisible Designs using Kratker Product of matrices of Balance Incomplete
BlockDesigns

Consider a BIB design Dwith parameters v*, b*, r*, k* and*. Next obtain design By adding vwith every elements of

design Q. Using Kronecker product of BIB designs on &d D given by D = QO D,, group divisible designs with

parameters v = 2yb = b?, r=r b, and k = 2kis constructed.

Example 2.1:Consider a BIB design with parameters v* = 4 =it§*%: k* = 3 andA* = 2. Blocks of the first BIB

1 2

. 1
design 3 are 1
2

. Then ) is obtained by adding 4 with every elements ofgte®;.Therefore blocks of design,D

w w
B AW

ar . Taking Kronecker product of designsdhd D, we have finally design D whose blocks are giverowel
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Impact Factor (JCC): 5.3784 NAAS Rating 3.45



Group Divisible Designs through Recoding of Varietal and Level Codes 23

NN NNR RRE R e
WWWWWWW WN NNDNNNNN
BB D DS DB BS DB DS WWWW
ANUIUIUIOY U1UT U1 O U1 UT U1 O U1 Ul Ul
NNOOANNOOANNOOONNO O
00 00 CONIO0 COO0 IO Q0O 000 O

This is a group divisible design with parameter8y=b = 16,r=12, k=6M;=8,n=3,A,=9,n=4,n=4
, m = 2. This group divisible design satisfied\t> 0 and r k- VA, = 0. Hence the resulting group divisible desigsami

regular group divisible design.

Remarks: Clatworthy (1973) has listed the table of partiddglanced incomplete block designs with r and k les

than and equal to 10. Hence we can claim thastisi regular group divisible design is new as ogpion size is 12.
2.2 Designs using Blocks of Same PBIB Designs awv&keCodes of Factorials

Das et al. (1995) used different set of numbertewas codes of different factors in a factorial.ejhalso used different
blocks of a BIB design as level codes of a factofactorial design to have partially incomplete ddadesign of two
associate classes. Instead of BIB design diffebbmtks of a PBIB design as level codes of a faet® used here to

construct semi regular group divisible designs.

Theorem 2.1:By replacing s level of’Sactorial experiment with partially balanced inqalete block design D
and incomplete block designs Broup divisible design can always be constructitl parameters v = 2v*, b = b= &, r
. b'r (2k™-1)-n, A, v
= b*r¥, k= 2k* Ay =A%, np =k, Ay =12, = ( ) 1j1,n=r1+1andm=—.
r n+1

Proof: Let us consider two factors each at s levels amdRBIB design of two associate classes with pamnset
V¥, b*, r*, k*, A* and A,* where b = s. Call this design D Obtain other incomplete block desiga By adding v with
every elements of design, DParameters of this design are identical to deBigThat is, both the designs are with=bs
blocks. The varietal codes for the two designsabd D should be different. So that in all 2v* varietaldes can be used.
Here we get%scombinations of two factors each at s levels &ede combinations are written using s differencksoof
the two PBIB designs as the level codes of thefawtors. Treating the different varietal codeshia two PBIB designs as
varieties and the different combination as bloekseries of incomplete block design is obtainedh wérameters v = 2v*,

. B2k A 2V

b=b®=¢& r=b*rs, k=2k* Ay =A%, Ny =y, A, =12, m,= ,n=n+landm= .
%2 nl+1

r

This series of design becomes semi regular grotipillie designs.
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Example 2.2:Let us consider a factorial experiment with 2 fagteach at 4 levels. As s = 4, the required PBIB
design is Dwith parameter v=4=b,r =k =2)\;=0,n,; = 1)\, =1,n,=2, n = 2, m = 2. The blocks of the PBIB

designs are following

Dl:

BN =
N
=2
o
\
1
o
U1 O O

Where O is obtained by adding 4(=v) with every elementsl@dign D.

The 4 = 16 treatment combinations are following:

Table 1
A B|A B|A B|A B
O Ool1 0 2 0 3 D
O 1| 1 1y 2 1 3 1
O 2|1 20 2 2 3 P
O 3|1 3 2 3 3 B

Use the four blocks of Das 4 levels of a factor, say, A.Similarly the otfeur blocks of Das levels of another
factor, say, B.Replace levels of factor A by folodxs of D, and levels of factor B by four blocks of,0rhe following 16
blocks of design D are obtained as

Table 2
1 2 5 g 2 3 516 3 4 |4 1 5 6
1 2 6 7 2 3 6 1|7 3 4 |4 1 6 7
1 2 7 8§ 2 3 7 |8 3 4 ®|4 1 5 6
1 2 8 535 2 3 81|53 4 |4 1 6 7

This is a PBIB design with two associate classeb parametersv =8,b =16,r =8k =A=0,n =1,\, =4,
n, = 6. In fact this PBIB design is a SRGD designtastisfied rA;>0 and rk—W,=0withn=2, m=4 Pﬁ' =

0 1

[g g] andpP;; = 1 4k

2.3 Designs using Blocks of Different PBIB Desigras Level Codes of Factorials

In this section we used blocks of two PBIB desigith same parameters but with different varietaleoas level codes of
two factors each with the same number of levelso Tifferent PBIB designs each with a separate Setumbers as

varietal codes are considered. The blocks of os@dere used as levels of one factor and the blo€khe other design
are used as the levels of the other factor. Alldbeabination of the level of these two factors wheated as blocks gives

an incomplete block design with unequal numbeepfication.

3. BLOCK OF PBIB DESIGN AS LEVEL OF THREE FACTORS I N SYMMETRICAL FACTORIAL
EXPERIMENTS

Das at al. (1995) discussed the use of fractiometiofial experiment with three factors each atvelke The fraction of
factorial experiment is taken in such a way thatmain effect and two factors interactions are cantted. However if the

fraction is §, it is always convenient and easy to get fractiithout confounding main effect and two factor naietions.
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In this section we used the symmetric factorialezipent with three factors each at s levels. Inbtfebalanced
incomplete block design, partially balanced incoetglblock design with two associate classes is.likede are three
factors each at s levels, so first develop théresatment combinations and then construct ansfounding factorial
experiment into a block of?sblock sizes by confounding a suitable interactam that two factor interaction is

saved.Assume thi¢ greatment combination as block of incomplete bldekign.

Consider a partially balanced incomplete block giesiith two associate classes whose parameter,gvg ¥, k',
A" andX,' provided b' = s. Let this PBIB design is dendtgd),. Moreover developed two more incomplete block giesi
D; and D, through \E, s+ D; and VE. . + D, respectively. Parameters of designsand O are same. That is, all the
three design B D,and D, have same number of blocks, b' = s. However thietéd codes of all the three designg D,

and Dy are different. Using Theorem 3.1, a group divisitésign is obtained.

Theorem 3.1:By replacing s level of’sonfounding factorial experiment cofounded intolack of size & with
partially balanced incomplete block design Bnd incomplete block designsadd Dy, group divisible design can always

be constructed with parameters v5a=(0)? =€, r=br, k=3K, ,=0,n=1,A,=s, B = 3v-2.

Proof: Let three factors be denoted by A, B and C eachi@tel where & 3.Construct an*confounded factorial
experiment by confounding a suitable interactiortdra block of size’sAssume each treatment combination of tHis s
confounded factorial experiment as one block. Joestment combinationsare considered?asacks. That is, number of
blocks b = &

Select a partially balanced incomplete block desigh b=s. The parameters of this PBIB design areov=s,
r, K, % and),. Denote this PBIB design by;DAgain develop two more incomplete block desigsisg form VEy +
D;. Parameter of these incomplete block desigris Mentical. All the Pdesigns have same number of block, that is, b' =
s. However the varietal codes of all thedBsigns are different. We havetatment combinations from three factors each
at s levels, where s levels of each of three factdré treatment combinations are replaced by s diffebémtks of 3
incomplete block designs. Since the replicatiom $iZ the each of the 3 incomplete block design snd each level of
three factors in%sconfounded factorial design is repeated s timesh@mce the replication size of the resulting dessg
= sn. Design O has v treatments, B has another v treatments similarlyBbas another ‘vtreatmentsand hence the
resulting design has+ +v = 3v. However &treatment combinations are formed from the cominatf three factors
and the levels of three factorsare replaced bylbeks of 3 incomplete block designs and hencebtbek sizes of these

incomplete block designs iS.Kherefore the block sizes of the resulting PBIBige is 3k.

The varietal code in 3 incomplete block designiffetent. So for any treatment there is only one treatment
which will not occur together with in any one block of resulting design and hengelrandi;=0. Moreover humber of
treatment which are second associate, @ t, and hence = v — 1 - n = 3v - 2 as = 1 always. Again each level of
three factor are associating with s different vtatieods sd, = s. Moreover p=1son =2 and m = gm) + 1 = [(3v -
2)/2] + 1 is an integer provided 3 andboth should not be odd number. While verificatafrassociation matrices and

parametric relation of incomplete block desigrsibbserved that the resulting design is a PBIBgdesith two associate
classes. Here n and m comes out as integer afgis-either zero or greater than zero along withvk, =0 holds true, so

PBIB design is a group divisible design with pargerev =3y b=¢ r=sr=br, Kk =3k,4,=0,n =1,A=s, and p=
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3v-2p}= (0 “‘2) and P? = (0 -t )

n-2 n(n-1) n-1 n(n-2)

Example 3.1:Construct a semi regular group divisible desigrhyidrameters v =12, b = 16, r = 8, k 365 0,
m=1,x%=4,n=10,n=2and m=6.

lets=4,sov=3x4=12,b2416,r=4x2=8,k=3x2=6,=0, n=1,% = s satisfied the parameters

shown in Theorem 3.1. Number of factors are 3 héotaé number of combinationé&=64 are following.

Table 3
A|0|0|0] O] OO O O O 0O 0 ( D) O D 0 |1 |11 (11
Blo|o|o] of 1] 1] 14 oala|la|a|®|e®|®]a®[0]0] 0] O] 1
clo|1[al®|O|2]ale®|O]1]al®] O] 21]|alo®[0]1]ala®]0
Table 4
Aj1(1| 1|12 1 1 11 14 14 d1oa|lajo|o|jo|joa|a|a|a]|a
Bl1[1] 1]laloalala|d®|a®|®]o®[0]0] 0] O 2] 1] 1 1 ala
Clifalod®|O]1]ald®] 0 1] ad®|0[21]ald®][0]1]alc®][0]1
Table 5
Alaloalalalalald|d®|o®]a®|ad®]|a®|®|o®][d®|a®]|a®|c®]o®]a®]a®]a”
Bla|la|o®|a®|o®|a®| O] 0] 0] O] 2| 2] 1] 2 a|lala|a|c®|a®|o®]|d®
Cloa|l®|O0|1]lale®]O0|2]alc®]O0]l2]al®|O0]2]ala®|O0] 1]ald

First construct a %4confounded factorial experiment into a block afes(= 16) by confounding a suitable

interaction ABC. These 16 combinations are follayvin
A: 010110 0aa oad’0 a®a® o
B: 0011a0°00ad’l 0c’a®l «a
C: 0110 aa01lo®®0 a 1

Assume these 16 combinations as 16 blocks of thdtiieg design. Since s = 4 so it required a PB&Bigh with
parameters¥ 4, b=4=s,r=k=2,4, =0,n,= 1,1, =1 and s = 2 along with n = 2 and m = 3. The four blockgto$
PBIB design R is given below:

Di1=

BW N -
= W N

Using VEy + D and i =1,2 we get following two more designsdnd I} as

1 1] [1 4] [5 6
1| 2 3|6 7
D=411 11*|3 2| 7|7 8

1 1 [2 1] [81

1 11 [5 6] [9 10

11| . |6 7|_|10 11
= + =
Ds=411 1 7 8] |11 12

1 1) [8 1] [12 1
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These three DD, and B, are incomplete block designs with same parametérts different block structure.
Varietal codes of design,[D, and B are different while s ="b= 4, kK = 2, r = 2 hold true for all the three incomplete
block designs. Suppose four blocks of & 4 levels of a factor Say, A, similarly the fdalocks of B3 as 4 levels of

another factor say B and finally the four blockgsted D; as 4 levels of another factor say C.

Replace the 16 treatment combinations bé@nfounded factorial experiments by the four vatieodes of A, B

and C. Using Theorem 3.1, 16 blocks of the resgidiesign are given by

Table 6
1 (2|1 2| 2| 2| 3| 1] 3 3 3 4 4 4 4
21 3| 2| 3| 3| 3| 4 2| 4 4 4 1 2 L 1 1
5| 5| 6| 6| 7| 8 5 7 7 8 6 § 8 8 6 7
6 | 6| 7| 7| 8|/ 5| 6/ 8 8 § 71 6§ 5 b V¥ B
9| 10| 10, 9| 12 11 11 1p 9 10 12 12 p2 |9 |11 |10
10| 11| 11, 10 9| 12 12 12 10 11 9 |9 |9 |10 |12 |11

Since r -A;> 0 and rk — %= 0, P} = ( 0 n-2 ) andp?= ( 0 n-2 ) holds true. Hence the resulting PBIB

n-2 n(m-1) n—-1 n(m-2)
design is a semi regular group divisible desighyiirametersv =12, b=16,r=8, k2670, n =1,A,=4, =10, m

=2,n=6p =(°%)andp? = (° ).

4. PBIB DESIGN WITH SMALLER NUMBER OF BLOCKS

In this section construction of PBIB design withaler block size is discussed. Das et. al (199%aiabd PBIB design
through symmetrical factorial with b 2 ssing blocks of BIB design as levels of three dastHowever PBIB design with
b = s blocks is constructed here using the sanmigges of Das et. al (1995).

Theorem 4.1:By replacing s level of’onfounding factorial experiment, cofounded intblack of size s, with
blocks of the balanced incomplete block designdnd incomplete block designs Bnd B, group divisible design can
always be constructed with parameters v* = 3v sl =b , k*=3k ,r*=rA] =2 +1,n=2,25=A, np=3(v-1),

where v, b, r, k anddenotes the parameters of a BIB design.

Proof: Assume three factors, say A, B and C each at $ fehere s> 3. Construct an®sconfounded factorial
experiment by confounding two suitable interactiomgo a block of size s. While confounding two tfacinteractions
precaution should be taken in such a way that éador containsan equal number of levels in s ldod&ssume each
treatment combination of this s confounded factogigeriment as one block. Thus number of blocks b.Select a
balanced incomplete block design with b =s, whoseameters are v, b = s, r, k, akdDenote this BIB design by D
Further O more designs are obtained using (x — L)¥ED;, where x = 2, 3. Parameters of these incompletekhdesigns
D;are identical. All the Ddesigns have same number of block, that is, b Hosvever the varietal codes of all the D
designs are different. Here design Bas v treatments, ;Dhas another v treatment similarly; Das also another v
treatments so number of treatment for resultindggtes 3v. Replacing s levels of factors A, B, C leyel codes of s
blocks of D (i = 1, 2, 3), PBIB design with parameters v* =3 =s=b ,k*=3k,r*=rd; =Aa+1,n=2,45 =1, n
= 3(v—1) is obtained.

Example 4.1:ConstructSingular Group Divisible design with paedens v* =9 ,b*=3 ,r*=2 , k¥ = 6)* =2
, =2, A=1,n*=6,n=3, m=3.
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Assuming s = 3,construct & 8ymmetrical factorial experiment in to a blocksife 3 by confounding suitable
two factor interaction ABand three factor interactions ABC his design is given below:

A B C
O 0 O
1 1 2
2 2 1

Note that number of level of each factor A, B antés©ne. That is,levels 0, 1 and 2 occur only ame tfor each

factor. Construct one BIB designs with parameterstv= 3, r = k = 2 and = 1. The blocks of this BIB design, [@re
12
23

31

Designs B and Bare obtained by adding 3 and 6 with each elememntesign 3 respectively. The blocks of
designs D and I3 are following

4 5 7 8
D,=5 6 D,=8 9
6 4 9 7

Replacing the three levels of A, B and C by the¢hblocks of P(i =1, 2, 3) respectively we get the following
design :

w N
= W N
o 01 b
H O O
0 ©
©O© N @

This design is Singular Group Divisible design widrametersv* =9 ,b*=3 ,r*=2 , k*=0*=2, n*=2
A=, n*=6,n=3,m=3.

This design is not a new design as it is reporgefl a21 in Clatworthy (1973 ).
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